1. Introduction. The classical Morse-Sard [l] , [2] theorem in the case of a function says the following: Let/: £2->R be a £>-function, where Q is an open set in Rn. Then, the set of critical values of / is of measure zero. Recall that cER is a critical value of/if/_1(c) contains a point xE& where dfx = 0.
As is well known, the theorem is false if we replace the assumption "fECn" by "fECk," where k<n [3] . In case fl is replaced by an open set in a Hubert or Banach space B, it is easy to see that the theorem is false if either (i)/is not required to be C", or (ii) B is not separable. It is only too natural to ask whether the following generalization is true: Let F: ti->R be C°°, where Í2 is an open set in a separable Hubert space H. Then, the set of critical points for F forms a set of measure zero.
As we shall show in the following, this generalization is false. We construct a O function /: H-*R, with H -l2, such that the singular set is the Cantor set SC77 formed by the sequences (ay a2/2, a3/3, • • • , an/n, • ■ ■ ) where, for all n, a" = 0 or 1. Our example also shows that the Morse-Sard theorem does not hold, in the generalized form, even if we require that the singular set be compact. The set of critical points for F will be the interval [0, 1]. For any k, let 2fc(7J*) be the space of all ¿-linear symmetric continuous functions on H. 2k(H*) is also a Hubert space, with norm || \\k.
Let
Clearly, S1(7Í*)=7Í*.
To each en and each k = l, 2, 3, ■ ■ -, there is canonically attached an element (en)k in Xk(H*) defined by This series is clearly absolutely convergent for all xEH. We now show that the function so defined is in C00. The sequence of mappings Lk: xEH-^L\E^k(H*) is given by
This series converges and defines a member of Xk(H*) for each xEH since the series of norms || ||* of its terms, i.e., Since X(0)=0 and X(l) = l, we have F(x)= Tî oin/2n, so that the critical-point set for F is the entire interval [O, l] , which is of measure 1. We observe that the function X could have been chosen so that not only the first, but, indeed, all the derivatives of F vanish on the set 2.
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